MEASURABILITY IN C(2 K ) AND KUNEN CARDINALS 



A. AVILES, G. PLEBANEK, AND J. RODRIGUEZ 

Abstract. A cardinal re is called a Kunen cardinal if the cr-algebra on re x k 
generated by all products Ax B, where A, B C re, coincides with the power set 
of re X re. For any cardinal re, let C(2 K ) be the Banach space of all continuous 
real- valued functions on the Cantor cube 2 K . We prove that re is a Kunen car- 
dinal if and only if the Bairc cr-algebra on C(2 K ) for the pointwise convergence 
topology coincides with the Borel cr-algebra on C(2 re ) for the norm topology. 
Some other links between Kunen cardinals and mcasurability in Banach spaces 
are also given. 



1. Introduction 

In every completely regular topological space T there are two natural cr-algebras: 
the Borel cr-algebra Bo(T) generated by all open sets and, usually much smaller, 
the Baire cr-algebra Ba(T) generated by all continuous real-valued functions on T. 
For a Banach space X, we always have 

Ba,(X w ) c Bo(X UJ ) c Bo(X) = Ba(X) 

where X w stands for X equipped with its weak topology. Moreover, for the Banach 
space C(K) of all continuous real- valued functions on a compact space K , other 
cr-algebras appear: 

Ba(C p (K)) C Bo(C p (K)) 

n n 

Ba{C w {K)) c Bo{C w (K)) C Bo{C(K)) 

where C P (K) (resp. C W (K)) stands for C(K) equipped with the pointwise conver- 
gence (resp. weak) topology. It is well-known that all these cr-algebras coincide for 
separable Banach spaces. For nonseparable Banach spaces some of the inclusions 
above might be strict and the equalities between these cr-algebras are closely related 
to several interesting properties of X and K, see e.g. [2 [3l [9l [101 HH [19l [26] . 

The first example of a nonseparable Banach space X for which Ba,(X w ) = Bo(X) 
was given by Fremlin [H] showing that such equality holds for X = For 
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any cardinal k, Fremlin proved that the equality 

Ba^ 1 («)«>) = Bo(£\k)) 

is equivalent to saying that 

(1.1) V(k x k) = V{k) ® T(k) 

(i.e. the power set of k x k coincides with the er-algcbra on n x k generated by all 
products A x B, where A,B C k). From now on we shall say that a cardinal K is 
a Kunen cardinal if (|l.ip holds. This notion has its origin in a problem posed by 
Ulam [3U] and was investigated by Kunen in his doctoral dissertation [T7]. Let us 
mention that: 

(i) any Kunen cardinal is less than or equal to c; 

(ii) U3\ is a Kunen cardinal; 

(iii) c is a Kunen cardinal under Martin's axiom, while it is relatively consistent 
that c is not a Kunen cardinal. 

Kunen cardinals have been also considered by Talagrand |27| in connection with 
measurability properties of Banach spaces, and in a paper by Todorcevic [29) on 
universality properties of £oo/co, where the reader can find more accurate historical 
remarks on this topic. 

In this paper we focus on the Banach space C(2 K ) for a cardinal K and prove 
that the equality 

Ba(C p (2 K )) = Bo(C(2 K )) 

holds if and only if n is a Kunen cardinal (Theorem 12. 8| . This extends Fremlin's 
aforementioned result, since C(2 K ) contains £ 1 (k) isomorphically. The picture of 
coincidence of cr-algebras on C(2 K ) is then the following: 

(a) Bo(C p (2 K )) = Bo(C(2 K )) for any k, since C(2 K ) admits a pointwise Kadec 
equivalent norm, see e.g. [H VII. 1.10] and [TO] . 

(b) Ba(C p (2 K )) = B&(C W (2 K )) if and only if k < c. Indeed, the "if" follows 
from the fact that any Radon probability on 2 C admits a uniformly dis- 
tributed sequence (cf. jT3j 491Q]). On the other hand, if k > c then 2 K 
is nonseparable and so the standard product measure on 2 K cannot be 
Ba(C p (2 K ))-measurable (cf. gSJ Proposition 3.6]). 

(c) Ba(C p (2 K )) = Bo(C(2 K )) if and only if n is a Kunen cardinal. 

The paper is organized as follows. Section [2] is entirely devoted to prove state- 
ment (c) (Theorem 12. 8p . The proof is self-contained and rather technical. 

In Section [3] we single out a certain topological property of a compact space K 
which guarantees that B&(C P (K)) = Bo(C p (K)) (Corollary I3.4[) . That property 
holds for K = 2 Ul and this gives a more direct proof of the equality Ba(C p (2 Wl )) = 
Bo(C(2 aJl )) which relies on statement (a) above. 

In Section |4] we show that a Banach space X admits a non Ba(X„,)-measurable 
equivalent norm whenever X has a biorthogonal system of non Kunen cardinality 
(Theorem 14. 4|) : this applies to C(2 K ) and € 1 (k) provided that k is not Kunen. 
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Terminology. For any n G N we write 2™ := {0, 1}™. As usual, u>\ denotes the first 
uncountable ordinal and c is the cardinality of the continuum. All our topological 
spaces are assumed to be Hausdorff. Given a measurable space (Y, E) and S CY, 
the trace of I] on S is the cr-algebra on S defined by {S n A : A G £}. 

Given any set T, we write 'P(r) to denote the power set of T. The symbol |T| 
stands for the cardinality of T. The cr-algebra on V 2 = V x T generated by all 
products Ax B, where A,BcT, is denoted by V(T) ® V(T). For any U CT, the 
characteristic function lry : V — > {0, 1} is defined by ljj(j) = 1 if 7 G LT, 1(7(7) = 
if 7 £ J7. We denote by 2 r the Cantor cube, i.e. the set of all {0,l}-valued 
functions on T, which becomes a compact space when equipped with the pointwise 
convergence topology. V(T) and 2 r can be identified via U M> lij. 

Given a set E and T C M. E , we write a (J 7 ) to denote the cr-algebra on E 
generated by T (i.e. the smallest one for which every / g T is measurable). It 
is well-known that if E is a locally convex space then ~B&(E W ) = cr(E'), where E w 
stands for E equipped with its weak topology and E' is the (topological) dual of E, 
see [9l Theorem 2.3]. In particular, we have: 

(i) Ba(C p (K)) = a ({St ■ t g K}) for every compact space K, where St denotes 
the Dirac delta at t g K. 

(ii) Ba(A w ) = a(X*) for every Banach space X (with dual X*). 

In view of (ii) and the Hahn-Banach theorem, if Y is a closed subspace of a Banach 
space X, then the trace of B&(X W ) on Y is exactly B&(Y W ). 

2. The main result 

The aim of this section is to prove that the equality Ba(C p (2 r )) = Bo(C(2 r )) is 
equivalent to saying that |T| is a Kunen cardinal (Theorem 12.81 below). The proof 
is split into several lemmas for the convenience of the reader. Throughout this 
section T is a fixed infinite set. 

Lemma 2.1. Let A g V(T) ® V(T). Define an equivalence relation on T by 
saying that 7 w 7' if and only if, for each S eT, we have 

(S,j)€A <=>■ (5,7') g A and (7, S) e A o (j',S)eA. 

Then ss has at most c many equivalence classes. 

Proof. Take B n C T, n g N, such that A belongs to the cr-algebra Ao on F 2 
generated by the sequence (B2 m x S2 m _i) TO GN- Define an equivalence relation ~ 
on r by 

7 — 7' <=> l Bn (7) = ls n (Y) for all ?i g N. 

Since there are at most c distinct sequences of the form (ls„(7))neN G 2 N , the 
relation ~ has at most c many equivalence classes. Let Ai be the family made up 
of all C £ Ao such that, for each 7^7' and S ~ 5', we have 
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Clearly A\ is a cr-algebra containing B2m x i?2m-i for all m G N, hence Ao = Ai 
and so A G A\. In particular, wc have 7 ~ 7' whenever 7 ~ 7'. It follows that the 
relation « has at most c many equivalence classes as well. □ 

Part (ii) of the following lemma is well-known, see [T?] . 

Lemma 2.2. Let Q. = {(71, 72) G L 2 : 71 ^ 72} and let E fee the trace ofV(T)®V(T) 
on Q. Then: 

(i) |r| is a Kunen cardinal if and only ifS = V{£i). 

(ii) // |r| > c, then \T\ is not a Kunen cardinal. 

Proof. We distinguish two cases: 

Case |T| < c. We can assume without loss of generality that r C R. For each 
U C r, we have 

(2.1) {(7,7): 7 eC/}= f| |J (un(q-±, Q+^j) eV(T)®P(T). 

In particular, wc get Q, G V(T) ®V(T) and so S C V(T) ®V{T). Suppose now that 
|r| is not a Kunen cardinal. If A C T 2 is any set not belonging to ViT) <£> V(T), 
then inU^E because (JUTJ implies that A\n e V{T) ®V{T). 

Case |T| > c. Let = be an equivalence relation on V for which all equivalence 
classes are infinite and have cardinality less than or equal to c. We shall check that 
the set 

W := {(71,72) € : 7i = 72} 

does not belong to S. Suppose if possible otherwise. Then there is A e V(T)®V(T) 
such that Anfl = W. Let w be the equivalence relation on T induced by A as 
defined in Lemma |2~T1 Since |T| > c, an appeal to Lemma I2TT1 ensures the existence 
of E C L with > c such that 7 « 7' whenever 7, 7' S £J. Given distinct 7,7' e i? 
we can find 5 e T \ {7,7'} with <5 = 7. Then (8,-f) e W = A f) Q and the fact 
that 7 w 7' implies that (5, 7') G A n £1 = VF, hence 7 = 7'. This means that £7 is 
contained in some equivalence class of =, which has cardinality less than or equal 
to c. This contradiction finishes the proof. □ 

From now on we denote by 3 the family of all closed nonempty intervals of K. 

Definition 2.3. Let neN. 

(i) A function r : 2" — > 3 is called a type (or an n-type). 

(ii) Let t be an n-type. We say that f G C(2 r ) has type r if there exist 
7i j ■ ■ • , In G r such that 

fix) G t(x 1i , . . . , x ln ) for every x G 2 r . 

W^e denote by Y T the set of all f G C(2 r ) having type r. 

Lemma 2.4. 7/|r| < c, i/ien F r beZora^s io Ba(C p (2 r )) for every type t. 
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Proof. Since |T| < c, we can suppose that T is a subset of the Cantor set A = 2 N . 
We write 7 = ("/[m]) m £N when we express 7 G A as a sequence of O's and l's. For 
each to G N, we consider 

r m := {7 G A : 7 [fc] = for all k > to}. 

Observe that IJmeN -^m is countable and so we can suppose without loss of generality 
that UmeN r ™ c r - For eacri rn€N, let 

K m := {x G 2 r : x 7 — x$ whenever 7, S G T satisfy 7[fc] = S[k] for all fc < m}. 

Note that is finite. Indeed, it is easy to check that K m = {x a : a G 2 2 }, 
where x CT G 2 r is defined by x a (j) := er((7[l], . . . ,7[to])) for all 7 G T. 
Let n G N be such that r is an n-type. The set 

A: =f] U f) {feC(2 r ): f(x)€T(x 7r ,...,x^)} 

meN 7™,...,7™er m xeif,„ 

belongs to Ba(C p (2 r )). So, in order to prove that Y T G Ba(C p (2 r )) it is enough to 
check that Y T = A. 

Wc first prove Y T C A. Take / eY t . Then there exist 71, . . . , j n G T such that 
/(x) G t(x 7i , . . . , x ln ) for every x G 2 r . Given to G N and i G {1, . . . , n}, we can 
choose 7™ G r m such that 7™[fc] = li[k] for all k < m. For each x G -fsT m we have 
x 7 ™ = x 7i and hence f{x) G t(cc 7 ™, . . . , x 7 m). Therefore, / G A. 

We now prove A C y r . Take / e A We can consider the function / G C(2 A ) 
given by /(a;) := /(x|r)- For each to G N, set 

K m := {x G 2 A : a; 7 = x,5 whenever 7, <5 G A satisfy 7[fc] = 5[k] for all A: < to}, 

= {(7ii ■ • ■ ,7n) G A" : /(x) G r(x 7l , . . .,x 7 „) for all a; G K m }. 

Observe that P m 7^ because / G A and sc|r G -Km whenever x G -ftT m - It is easy to 
check that, for each x G K m , the set {(71, . . . , 7„) G A™ : f(x) G t(x 71 , . . . , x 7 „)} 
is closed, hence P m is compact. Now, since P m D P m +i for all m G N, we can pick 

(h, ■ • • , S n ) G flmeN Tlien e r ( x '5i > ■ • ■ ' x «n ) for evei T x G UmGN ^m- 

We claim that U„ lgN if m is dense in 2 A . Indeed, fix z G 2 A and take a fi- 
nite set of coordinates {71, . . . ,7 p } C A. Choose to G N large enough such that 
(7JI], . . . , 7i[m]) 7^ (7j[l], . . . ,7j[to]) whenever i 7^ j. Then the element x G 2 A 
defined by 

{z 7i if 7[fc] = 7i[fc] for all fc < to, 
otherwise, 

belongs to K m and satisfies x 7i = z 7i for every i. This proves the claim. 

It follows that /(x) G r(xg 1 , . . . , x,5„) for every 16 2 A . We choose an arbitrary 
£ G r and, for each i G {1, . . . , n}, we define 7, := 5i if G T and 7, := £ if <5j G - T. 
We claim that /(x) G t(x 7i , . . . , x 7re ) for every x G 2 r . Indeed, given any x G 2 r , 
we can select z G 2 A such that z|r = x and = a;^ whenever Si T, so that 

f(x) = f(z) G t(z Si ,. . .,z Sn ) = t(x 71 ,. . . ,x 7 J, 

as claimed. This shows that / G Y T and the proof is over. □ 
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The proof of the key Lemma 12.71 is rather technical and will be given later 
(Subsection l2.1[) . In order to state that lemma we first need some definitions. From 
now on, the "coordinates" of any 7 G T n , n G N, are denoted by 71, ... , 7 „, that is, 
we write 7 = (71, . . . , 7n ). 

Definition 2.5. Let t be an 11-type. 

(i) We say that 7, S G T n are r-proximal if 

r(M 7l ), . . . , M 7 „)) n t(M£i), . . . , iu(S n )) 

for every U C I\ 

(ii) We say that A, B C T n are r-scparated if there exist no 7 G yl and 6 £ B 
which are T-proximal. 

Definition 2.6. Lei (Y, S) be a measurable space. We say that U, V C Y are 
E-separated if there is S G £ such that U G S and V PI S 1 = 0. 

Lemma 2.7. Lei t 6e an n-type, (Y, S) a measurable space and <I> : F™ — > 'P(Y') a 
multifunction satisfying: 

(S) .For eac/i [/ C T and eac/i closed set I C R, i/ie sets 

$({ 7 er n : r(l [r ( 7l ),...,M7n)) c J}) 

$({ 7 g r n : t(M 7i ), . . . , ia( 7 „)) n / = 0}) 

are Yi-separated. 

Suppose |r| is a Kunen cardinal. If A, B C T™ are T-separated, then <&(A) and 
<&(B) are Y,-separated. 

We write C(2 r ,2) to denote the subset of C(2 r ) made up of all {0,l}-valued 
functions, which can be identified with the algebra Clop(2 r ) of all clopen subsets 
of 2 r via the bijcction 

V:Clop(2 r )^C(2 r ,2), xl>{A):=l A . 

The trace of Ba(C p (2 r )) on C(2 r ,2) is denoted by Ba(C p (2 r , 2)). Observe that 
{^p~ 1 (E) : E G Ba(C p (2 r , 2))} is exactly the er-algcbra on Clop(2 r ) generated by 
all ultrafilters. On the other hand, since C(2 r ,2) is norm discrete, the trace of 
Bo(C*(2 r )) on C(2 r ,2) is exactly -p(C(2 r ,2)). 
We now arrive at our main result: 

Theorem 2.8. The following statements are equivalent: 

(i) |T| is a Kunen cardinal. 

(ii) Ba(C p (2 r )) = Bo(C(2 r )). 
(hi) Ba(C p (2 r ,2))=P(C(2 r ,2)). 

(iv) The a -algebra on Clop(2 r ) generated by all ultrafilters is "P(Clop(2 r )). 
Proof. (iii)<S=>(iv) follows from the comments preceding the theorem. 

(i)=Kii). Let us write Y := C(2 r ) and £ := Ba(C p (2 r )). Let 6 be an open 
subset of Y in the norm topology. We shall prove that O G S. 
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Step 1. Fix an rt-type r and consider the multifunction $ T : T n — > V(Y) given 

by 

$ T ( 7 ) := {/ G Y : f(x) G r(a; 71 ,...,a; 7 J for all ie2 r }c Y T . 

We first observe that 7, S G F n are r-proximal if and only if "J 1 " (7) (~1 $ T (J) ^ 0. 
Indeed, the "if" part follows from the fact that 

/(It/) G r(M7i), ■ • • , lir(7n)) n r(lir(fc), • • • , M<5«)) 

whenever / G < & T ( 7 ) H $ T ((5) and C/ C T. Conversely, assume that 7 and <5 are 
r-proximal. Then for each (/cTwe can pick 

tu G r(l£/(7i), . . . , lc/(7n)) n r(lu(<5i), . . . , M<y). 

Let W be the subset of T made up of all 7,'s and Si's. Since W is finite, the 
function / : 2 r — s- ffi given by /(lj/) := ty n w is continuous. Moreover, since 
lc/(7i) = lc/nw(7i) an d lt/(£i) = lunwik) for every [/ C T and every i, we have 
/ G $ T ( 7 ) n $ T (<5). Hence $ T ( 7 ) n $ r (<5) ^ 0. 

It follows at once that the following two subsets of T n are r-separated: 

A T := {7 G r™ : $ T ( 7 )\e^0}, 

B r = {7 G r n : $ T ( 7 ) n $ T (A r ) = 0}. 

On the other hand, Y T G S (by Lemmas 12.21 and 12 .4(1 and so, for each U CT and 
each closed set I C M, the set n := {/ G y r : /(ly) G J} belongs to E and 
satisfies 

$ r ({ 7 G r" : r(W( 7l ), . . . , l £/ ( 7 „)) C /}) C 

$ r ({ 7 g r n : r(i c/ ( 7 i), . • ■ , Min)) n / = 0}) n 5 (c/iI) = 0. 

An appeal to Lemma [2.71 ensures that $ T (A T ) and $ T (B T ) are E-separated, that 
is, there is @ T G E such that § T {B T ) C 6 T and $ T (A r ) n9 T = 0. Bearing in mind 
that Y T G E, we can assume further that T CY T . 

Step 2. We write 3q to denote the (countable) family of all closed nonempty 
intervals of R with rational endpoints. To finish the proof we shall check that 

(2.2) = [J{0t : T is a type with values in 3o}- 

On the one hand, for any n-type r, we have T C Y T \ $ T (A r ). Moreover, we 
have Y T \ & T (A T ) C 0, because for each / G Y T \ < E >T (A r ) there is some 7 G L™ \ A T 
such that / e <f> r (7) C 0. Thus, the inclusion "d" in (|2.2|) holds true. 

In order to prove the reverse inclusion, fix / G 0. Since is norm open, there is 
e > such that \\f — h\\oo > 2e for every h e Y \ 0. By the continuity of / and the 
compactness of 2 r , we can find finitely many basic clopen sets C, C 2 r such that 
2 r = [J i Ci and the oscillation of / on each C, is less than e. Thus, we can find a 
finite set {71, . . . , 7„} C L and a type r : 2™ — > 3o such that: 

(a) r(p) has length less than e for every p G 2™, 

(b) /(x) G t(o; 71 , . . . , x 7re ) for every x G 2 r . 
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Condition (b) means that / G $ T (7), where 7 := (71, . . . , 7„) G L'\ 

We claim that f £ <d T . Indeed, it suffices to check that 7 G B T , because in that 
case we would have / G ^ T {l) C $ T (B T ) C 6 T . Our proof is by contradiction: 
suppose that 7 ^ B T . Then there exists S G A T such that $ T {j) D $ T (5) ^ 0. Take 
5 G $ T (7) H $ T (<5) and /i G $ T (<5) \ 6. By (a) we have: 

\\ u — v \\oo < £ f° r every u,v £ $ T (C) an d every ( G T". 

Therefore, ||/ — g||oo < e (since f,g G < & r (7)) and \\g — h\\oo < £ (since g, h G ( J ,T (<5)). 
We conclude that ||/ — /iH^ < 2e, which contradicts the choice of e because h g" O. 

(ii) =>(iii) is obvious. 

(iii) =^(i). Let ft := {(71,72) G F 2 : 71 ^ 72} be equipped with the trace £ of the 
product CT-algebra V(T) ® 7>(r). The function H : tt C(2 r , 2) given by 

^(71 1 72) (z) := a; 7l (l - x 72 ) 

is E-Ba(C p (2 r , 2))-measurable, because for each x G 2 r we have 

{(71,72) G ft : H( llll2 )(x) = 1} = {7 G T : x 7 = 1} x {7 G T : x 7 = 0} G £. 

Since Ba(C p (2 r , 2)) = -p(C(2 r , 2)), we have if" 1 ^) G E for every X C C p (2 r , 2). 
Thus, bearing in mind that is one-to-one, we conclude that E = "P(£l). An 
appeal to Lemma l2~27 i) ensures that |T| is a Kunen cardinal. The proof is over. □ 

Recall that a compact space K is called dyadic if if is a continuous image of 2 K 
for some cardinal k; in this case, k can be taken to be equal to the weight of K, 
see [HJ 3.12.12]. The class of dyadic compacta of (infinite) weight k contains in 
particular K-fold products of compact metrizable spaces. 

Corollary 2.9. If K is a dyadic space and its weight is a Kunen cardinal, then 
Ba,(C p (K)) =Bo(C(K)). 

Proof. Let k be the weight of K. If (p : 2 K — > K is a continuous surjection then 
the mapping T : C(K) — > C(2 K ), T(g) := g o ip t is an isometric embedding which is 
pointwise continuous, so the assertion follows directly from Theorem 12. 81 □ 

Corollary 2.10. Let {X a : a < k} be a family of separable Banach spaces, where 
k is a Kunen cardinal. Then X := (§) e i{X a : a < k} satisfies Ha,(X w ) = Bo(X). 

Proof. If k is finite then X is separable and so Ba,(X w ) = Bo(X). Suppose k 
is infinite. Since each (Bx*,w*) is a metrizable compact, there is a continuous 
surjection 2 N — > Bx* ■ Hence there is a continuous surjection 

2 K ^ ]JB X , =B x *, 

so X is isometric to a closed subspace of C(2 K ). Since Ba(C(2 K )„,) = Bo(C(2 K )) 
(by Theorem E3), we have Ba(X„,) = Bo(X) as well. □ 

Corollary 2.11 (Fremlin). Ba^ 1 ^)™) = Bo(£ 1 (T)) if \T\ is a Kunen cardinal. 

Remark 2.12. Let K be a compact space. 
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(i) Suppose there exists a maximal family {[i a : a < n} of mutually singular 
Radon probabilities on K such that: 

• k is a Kunen cardinal, 

• each L 1 ( / u a ) is separable. 

Then Ba(C(A)£,) = Bo(C(A')*), because C(K)* is isomorphic to the space 
0^i{L 1 (/^ ct ) : a < k} (cf. jU proof of Proposition 4.3.8]). 

(ii) The existence of a family {fi a : a < k} as in (i) is guaranteed if: 

• | if | = c is Kunen, 

• span{<5 t : t £ A} is sequentially u>*-dense in C(A)*, 

• is separable for every Radon probability ^ on A. 

Thus, assuming that c is Kunen, the equality Ba(C(A)^) = Bo(C(K)*) 
holds true whenever | A| = c and A belongs to one of the following classes 
of compacta: Eberlein, Corson (under MA + non CH), Rosenthal, linearly 
ordered, Radon-Nikodym, etc. (see e.g. [8l[2T] and the references therein). 

2.1. Proof of Lemma [2771 This subsection is devoted to prove Lemma l2.7l above. 
The proof is divided into several auxiliary lemmas. Throughout, r is an n-type, 
(y, E) is a measurable space and $ : T n — > V{Y) is a multifunction satisfying: 

(S) For each U C T and each closed set I C R, the sets 

$({ 7 er": r(M 7l ),...,M7n))c7}) 

$({ 7 £ r" : r(l C /( 7 i), ■ • • , lirfrn)) D I = 0}) 
are E-separated. 

Definition 2.13. Let E be an equivalence relation on {1, . . . , n} x {0, 1}. We say 
that E is a r-proximality relation (and we write E £ Prox(r)) if r( 7 ) n t(7 1 ) ^ 
whenever 7 °, 7 1 G 2™ satisfy 

(p,i)E(q,j) => 7* = 7 ^ 
/or every (p,i),(q,j) £ {l,...,n} X {0,1}. 

Lemma 2.14. Let 7°,7 1 G T™. TTie following statements are equivalent: 

(i) 7°,7 1 are t -proximal. 

(ii) There is E G Prox(r) such that 

(p,i)E(q,j) 7p = 7^ 
/or every (p,i),(q,j) £ {1, . . . , n} X {0,1}. 
Proof. (i)=>(ii). The equivalence relation A on {1, . . . , n} x {0, 1} defined by 

(p,i)E{q,j) <^ l l p =l 3 q 
is a r-proximality relation. Indeed, let J ,^ G 2™ satisfy the condition: 

<P,i)E(q,j) =► 4 = ^ 

for every (p, i),(q,j) G {1, . . . , n} x {0, 1}. Let {/ C T be the set made up of all 7°'s 
with 5° = 1 and all 7^'s with = 1. Then 

r(l c/ ( 7 j),...,l c/ ( 7 ;))=r( ( 5 l ) for !£ {0,1} 
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and so the r-proximality of 7 and 7 1 implies that t(S°) (~l t(<5 1 ) 7^ 0. 
(ii)^(i). Fix U C T and set 

,f:=(M 7 j),...,M 7 ;))G2" for 1 G {0,1}. 

Observe that if (p,i)E(q,j) then 7* = 7^ and so l[/(7p) = lu(7^). Bearing in mind 
that E G Prox(r), we conclude that 

r(l l/ ( 7l ), . • . , M7°)) H r(M 7l ), . . . , 1^)) = r(S°) f) r(^) ^ 0. 
This shows that 7 and 7 1 are r-proximal. □ 

Definition 2.15. Let E G Prox(r). 

(i) equivalence class C of E is called a linking class if C — [(p, 0)] = [(9,1)] 
/or soJTie p, q G {1, . . . , n}. We denote by £e the set of linking equivalence 
classes of E. 

(ii) Let i G {0, 1} and A C T n . We define U E (A) as the set of all 7 G T £e for 
which there is 7 G A such that: 

• lp = Iq whenever (p,i)E(q,i); 

• Ik = 7[(fe,i)] whenever [(k,i)] G £ E - 

Lemma 2.16. Let A, B C P™. The following statements are equivalent: 

(i) A and B are r-separated. 

(ii) L%{A) n L E (B) = for every E G Prox(r). 

Proof. (i)=Kii). Suppose that L° E (A) D L%(B) f for some E G Prox{r). Take 
7 G L° E (A) n Lb(-B) and choose 7 G A, 7 1 G P, such that for i G {0, 1} we have 

7p = 7q whenever (p,i)E(q,i) and 7^ = 7[(fc,j)] for every [(fc,i)] G 

Therefore, 7* = 7^ whenever (p,i)E(q,j). An appeal to Lemma |2 . 141 ensures that 
7 and 7 1 are r-proximal, so A and P are not r-separated. 

(ii)=>(i). If A and B are not r-separated, then (by Lemma l2.14j) there exist 
7° G A, 7 1 G B and £7 G Prox(r) such that 

(p,i)E(q,j) l l p =ll 

for every (p, i),(q,j) G {1, . . . , n} x {0, 1}. Then we can define 7 G r £i3 by saying 
that 7 t(3M)] := 7* for every [(p, i)] G Clearly, 7 G n i^(B). □ 

Remark 2.17. Let E/„,14 C Y, n G N. If {/„ and K« are S-separated for every 
n, m G N, then UneN ^» an< ^ UneN are ^-separated as well. 

Proof. For each n,m G N, fix S n>m G £ such that U n C S njTO and V m n /S n ,m = 0. 
Then S := U„ eN HmeN S n,m € S satisfies U„ eN C 5 and (|J„ eN V„) C\S = 0. □ 

Lemma 2.18. Let Po G Prox(r). For each E G Prox(r) \ {Eo}, let us fix disjoint 
sets X E ,Y E C T 1e . Let 2J be the family of all W C T 1e q for which the following 
statement holds: 

'■If A,B C r n satisfy 

• L° E (A) C X E and L E (B) C Y E for every E G Prox(r) \ {E }, 

• L% o (A) C W and L Eq (B) n W = 0, 
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then <&(A) and are T,- separated." 

Then 93 is closed under countable unions and countable intersections. 

Proof. Let (W m ) m6 n be an arbitrary sequence in 93. We shall prove first that 
W := U meN W m £ 53- For let A, B C T" be sets satisfying 

(i) L|(A) C X s and L^(-B) C F B for every E G Proa;(r) \ {So}, 

(ii) L^(A) C VF and L^(B) n VF = 0. 

Note that for every 7 G T n the set L E ({7}) is cither empty or a singleton. For 
each m G N, define 

A m :={ 7 G A: L| ({7})cW m }. 

Since U 7G a £ s„({7}) = i| (^) C W, we have i4 = [j meN A m . Thus, bearing 
in mind Remark \2. 171 in order to prove that = \J meN ®{A m ) and $(-B) are 

E-separated it suffices to check that, for each m G N, the sets $(A m ) and are 
E-separated. Fix m G N and observe that: 

• L° E (A m ) C L%(A) C X £ and L E (B) C Ye for £ G Pr<KB(r) \ {£ } (by (i)), 
. L° Eo (A m ) = U 7£Am L Eo ({j}) C W m and 1,^(5) n W m = (by (ii)). 

Since W m G 93 we conclude that $(A ro ) and are E-separated, as desired. It 

follows that W G 23. 

We now prove that W := n,„ GN w ™ G 93. Fix A, B C T" such that 
(i') C Xij and £ £ (B) C Ye for every E G Proa^r) \ {E a }, 

(ii') i £o (A) C W" and L Eo (B) n W = 0. 
For each m G N we define 

S m :={ 7 G5: L^({7})nW m = 0}. 
Since each LL, ({7}) is cither empty or a singleton, and 

U L k({7}) = L Eo (B) c \ W ' = |J \ Wm , 

we have B = \J m£ti B m . Therefore, to show that and $(B) = U mgN $(i? m ) 

are E-separated it is enough to check that, for each m G N, the sets &(A) and 
$(P m ) are E-separated. This follows immediately from the facts that W m G 93 and 

• L%(A) C X E and L E (B m ) C C Ye for £ G Prox(r)\{Eo} (by (i')). 

• L Eq (A) CW'C W m (by (ii')) and 

L l Eo {B m )= |J ^({7})cr^\tf m . 

This proves that W G 93 and we are done. □ 

Definition 2.19. Let SI be a set and Ai, . . . , A m G V{Q). We say that C C SI is 
an atom of the algebra on SI generated by A\ , . . . , A m if C is nonempty and can be 
written as C = H^Li where each Di G {Ai, SI \ Ai\. 

Definition 2.20. A set W C T n is called a product if it can be expressed as 
W = n"=i Wi for some Wt C T (which are called the factors of W ). 
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Lemma 2.21. Let A,BcT n be products. If A and B are r-separated, then &(A) 
and "J?(-B) are E-separated. 

Proof. Write A = J[" =1 W t and B = n" =1 W{. Let V u . . . , V m be the atoms of the 
algebra on V generated by Wi, ■ ■ . , W n and W{, ■ . ■ , W n . Then A (resp. B) is the 
union of all products of the form ]X=i ^fci wnere ^4, C Wj (resp. Vfe 4 C W/). Thus, 
an appeal to Remark 12.171 allows us to assume that A and B are of the form 

n n 

A = \{V ki B = Y[V ri 

i=l i=l 

for some ki,Ti G {1, . . . , rn}. 

For each j = 1, . . . , m we choose 7j G V/. Define -f° E A and 7 1 G .B by declaring 
7 2 ° := 7fe ; and 7 t - := j ri for i G {1, . . . , n}. Since A and B are r-separated, 7 and 
7 1 are not r-proximal, so there exists U C T such that 

T(M 7fcl ), . . . , lc/(7fcj) n r(l £/ (7 ri ) ! . . . , lc/(7rj) = 0. 

Define := Ui^j : 7j G ^} C T. Observe that for each i G {1, . . . , n} we have 
-fki G £/ if and only if 7^ G V, and j ri G £/ if and only if 7 r; G V. Therefore 

(2.3) r(M7*i)> ■ • • > M7*J) n r(V( 7ri ), . . . , ly( 7l .„ )) = 0. 

Set Z := r(ly(7 fel ), . . . , ly(7fe„)) C R. Observe that for each 5 G A = n£=i 
and each ? G {1, . . . , n), we have 5i G V if and only if Vfc 4 C V, which is equivalent 
to saying that 7^ G V. In particular, 

A C {<5 G T n : rM^.-.M^C/}. 

In the same way, bearing in mind (|2.3[) we have 

Bc{ier": r(l v (*i), . . . , i v (S n )) n J = 0}. 

Now, property (S) of <I> implies that $(^4) and ^(i?) are E-separated. □ 

Throughout the rest of the subsection we assume that |T| < c, which is weaker 
than being a Kuncn cardinal (Lemma I2.2f ii)). We can suppose without loss of 
generality that r C 1, so that T n is equipped with the topology inherited from R n . 

Lemma 2.22. Let A,Bc Y n be open sets. If A and B are T-separated, then Q(A) 
and &(B) are "E-separated. 

Proof. Let O A , O b C E" be open sets such that A = T n n O a and B = Y n C\0 B - 
Both Oa, Ob are countable unions of (open) products in R™ and, therefore, we can 
write A = [j m<£N A m and B = [j rnl z N B m , where A m and B m are products in T n . 
For each k,m G N the sets Ak and B m are T-separated and Lemma [2.211 ensures 
that Q(Aj~) and <f>(£? m ) are S-separated. Hence the sets $>(A) — {J m( - N $(A m ) anc ^ 
= UmeN < ^ > (^ m ) are ^-separated (by Remark f2 . 1 7[) . as required. □ 

Remark 2.23. The algebra on T n generated by products is exactly the collection of 
all subsets of T n which can be written as a disjoint union of finitely many products. 
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Proof. Let us write A to denote such collection. In order to prove that A is an 
algebra, observe first that A is closed under finite intersections. On the other hand, 
given any product W = 11™= 1 then T n \ W is the disjoint union of all products 
of the form YYi=i Ci, where each Cj is an atom of the algebra on T generated by 
Wi, . . . , W n and at least one d is disjoint from W l . So, T n \W <E A. It follows 
that A is also closed under complements. □ 

Lemma 2.24. Let A.B C T n be such that for each E e Prox(r) there is We C T £e 
in the algebra generated by products such that L E (A) C We and L E (B) n M 7 ^ = 0. 
P/ien and ^(P) are E- separated. 

Proof. We divide the proof into several steps. 

Step 1. For each E 6 Prox(r), the set (resp. \ is the union of 
a finite collection ^e (resp. £}e) of products in r £E (Remark 12. 23|) . Observe also 
that Prox(r) is finite. Let Ci, . . . , C m be the atoms of the algebra on T generated 
by the factors of all elements of the collection U{*Pb U11b:E6 Ptox(t)}. Then 
each We (resp. T 1b \ We) is a finite union of products with factors in {C\, . . . , C m }. 

We can suppose without loss of generality that C& C p '■= (2fc, 2fc+l) C M for all 
k G {1, . . . , m}. Thus, if A C T™ is any product with factors in {C\, . . . , C m } U {T}, 
then A is open in T", because it can be written as A = T n n P for some product 
P C R" with factors in {P, . . . , I m } U {M}. 

Step 2. Fix P s Prox(r). For i e {0, 1}, consider the equivalence relation m l E 
on {1, . . . , n} given by 

P~eQ <=> (p,i)E(q,i)- 

Set 

:={ 7 er" : p g =► 7p = 7 ,} 
and define ^2^. : P~ E -> T £s by 

fEh)[(k^] ■= lk, [(M)] €i E , 7 e P~ e . 

Let P C r^ E be any product with factors in {C 1; . . . , C m }. It is easy to check 
that there is some product A cT n with factors in {C\, . . . , C m }U{r} (in particular, 
A is open in T") such that (ip i E )- 1 (R) = n A, hence 

Since 

r" \ d^ e = r" n |J { 7 e R" : i P + 7g }, 

we conclude that (<^) _1 (P) U T n \ is open in T" . 
It follows that the sets 

A E := (^)- 1 (Wk)ur n \D (B o 

p £ :=(^)- 1 (r'*\w B )ur»\£» w i 

are open in P™. Moreover, since 

L° E (S) = (f° E (S H D^o) and 4(S) = ^(SnO^) for every 5 C T™, 
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we have: 

• ifsil) G l e( A ) c w e for every 7 G A n £>~o , hence A C 4e; 

• L^(A B ) = n £^0 ) C W E ; 

• ^(7) g ^b(S) C T 1e \ W E for every 7 G B n £)^, hence 5 C B E ; 

• l e (b e ) = v E (B E n%)c \ w E . 

Step 3. Now let 

A := P| A e and £} := H £? B . 

EeProx(r) EeProx(r) 

For each G Prox{r) we have 

L^(l) n L^(B) c n l^(Bb) c vt^B n (r fE \ w^) = 0, 

hence Lemma 12.161 ensures that A and B are r-separated. Since A and -B are open 
in r™ (bear in mind that Prox(r) is finite), an appeal to Lemma \2. 221 allows us to 
deduce that $(A) and $(B) are E-separated. But A C A and B C -B, so the sets 
and $(5) are E-separated as well. This finishes the proof. □ 

Proof of Lemma \2.7\ In view of Lemma 12.161 it suffices to prove that, for any set 
1Z C Prox(r), the following statement holds: 

{71} If A,B C r" satisfy: 

(i) L%{A) n L%{B) = for every E G K, 

(ii) for each E G Prox(r) \ 1Z there is We C T £e in the algebra generated by 
products such that L° E (A) C W E and L E (B) n W E = 0, 

i/ien and $(-B) are E -separated. 

We proceed by induction on \1Z\. The case |7£| = (i.e. R = 0) has been proved 
in Lemma T2. 241 So assume that |72-| > 1 and that (H!) holds true for every subset 
of Prox(r) with cardinality less than \TZ\. Take A,BcT n satisfying conditions (i) 
and (ii) above. We will check that $(A) and $(-B) are E-scparatcd. 

Fix E eTZ and set W := 71 \ {E }. For each E G Proxir) \ {E }, fix disjoint 
sets Xe,Ye C r^ E as follows: 

• X B := L° (A) and Y E := L^(B) for E <ElZ, 

• X E := We and Ye := T £e \ We for E g Proa;(r) \ ft. 

Let 93 be as in Lemma 12.181 We claim that every W C T £e o in the algebra 
generated by products belongs to 93. Indeed, let A',B' C T n be sets satisfying 
L%{A') C X E and L E (B') C Ye for every £ 6 Prox(r) \ {E a }, L% o {A') C W and 
L% o {B')C\W = $. Then: 

• L^(A') n L E (B') cX E r\Y E = ® for every £ g W, 

• for each E g Prox(r) \ TV there is C r fE in the algebra generated by 
products such that C and L^(B') n W^ = (take W' Eq := W 
and W' E := W E for E ^ 

Since (ft) holds, the sets and $(B') are E-separated. Therefore, W G 93. 

Thus, 93 contains the algebra on T E o generated by products. Since 93 is a 
monotone class (by Lemma I2.18j) , from the Monotone Class Theorem it follows 
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that the a-algebra on T^ E o generated by products is contained in 23. Now, the fact 
that |r| is a Kunen cardinal implies that QJ = P(T iE o). 

In particular, the set W := L E {A) belongs to QJ. Since L E (A) C Xe and 
L E (B) C Y E for every E G Prox(r) \ {A }, ^(A) C VF and L^ o (B) n VF = 0, 
we conclude that $(^4) and $(-B) are S-separated. This proves that (1Z) holds and 
the proof of Lemma \2. 71 is over. □ 

3. The case of C(2 Ul ) 

The aim of this section is to give a different, more direct proof of the equality 
Ba(C p (2 tJ1 )) = Bo(G(2 Wl )), see Theorem EU below. 

We denote by © the family of all open intervals of R with rational endpoints 
and we write J := UneN®" - Given a compact space JT, n £ N, 4 C A'" and 
J = (Ji, . . . , J„) G 0", we define 

J) := {g G C(K) : there is (xi,...,x n ) G A 

such that g{xk) G J/; for all k = 1, ... , n}. 

Remark 3.1. In the previous conditions, we have J) = J). 

Proof. For any g 6 C(K), the set {/ := Ilfc=i 3 _1 (^fc) C A'" is open, and therefore 
£/ n A ^ if and only if U n A ^ 0. □ 

In Corollary 13.41 we shall isolate a property of a compact space A guaranteeing 
that Ba(G p (A')) = Bo(G p (A)). To this end we need a couple of lemmas. 

Lemma 3.2. Let K be a compact space such that u(F, J) G Ba(G p (A')) for every 
closed set F C K n , every J e 0" and every n G N. Then Ba(C p (A)) = Bo(G p (A')). 

Proof. Let G C G(A) be open for the pointwise convergence topology. For nEN 
and J = (Ji,...,J„) G set A,/ := \J{A C A™ : J) C G}, so that 
J) C G. Wc claim that 

(3.1) G= |J u(Aj,J). 

JGJ' 

Indeed, given any g G G, we can find {£i, . . . , t n } C A and J = (Ji, . . . , J„) G ©" 
such that 

g e H := {h e G(A) : fc(i fe ) G J fc for all fc = 1, . . . , n} C G. 

Since . . . ,t n )}, J) = H C G, we have (ii, . . . ,i„) G Aj and so 5 G J). 

This proves equality (|3.1I) . Now, in view of Remark 13.11 we get 

G = |J u(Aj,J). 

Since J is countable and each u(Aj, J) belongs to Ba(G p (A)) (by the assumption), 
it follows that G G Ba(G p (A)). Hence Ba(G p (A)) = Bo(G p (A)). □ 

Lemma 3.3. Let A be a compact space, n G N, J G © n and (A p ) pg pj a decreasing 
sequence of closed separable subsets of A™ . T/ien «(p| gN A p , J) G Ba(C p (A')). 



16 



A. AVILES, G. PLEBANEK, AND J. RODRIGUEZ 



Proof. We divide the proof into two steps. 

Step 1. u(S, J) G Ba(C p (A)) for every closed separable set S C K n . Indeed, 
take D C S countable with D = S. By Remark |3. 11 we have 

u(S, J) = u(D, J) = |J u({x}, J). 

x£D 

Since each u({x}, J) belongs to Ba(C p (A)), the same holds for u(S, J). 

Step 2. Write J = (Ji, . . . , J n ) and set A := f] ptEN F p . For each m G N, choose 

J m = (J™, . . . , J™) G ©" 

such that J£* C and UmeN ^™ = Jk for ever y TO e N and fc G {1, . . . ,n}. 

According to Step 1, in order to prove that u(F, J) G Ba(C p (A)) it suffices to check 
that 

(3.2) u(F,J)= (J f]u(F p ,J m ). 

To this end, observe first that if g G u(F, J) then there is (x\, . . . , x n ) G F such 
that g{x k ) G Jfc for all k. Since J fc = \J meN J™ and J™ C J™ +1 , we can find m G N 
large enough such that g{xk) G J™ for all k, hence g G u(F, J m ) C Pl p eN J m )- 
To check "D" in ([3J!]), fix .g G U meN HpgN w (^p 5 J m )- Th en there exists m G N 
such that, for each p G N, there is some x p = (x\, . . . , x^) G F p with the property 
that g(xi) G J™ for all A;. Let x G A'" be any cluster point of the sequence 
(x p ) pS N. Then x G A and g(xfe) G J™ C Jk for all fc, witnessing that g G u(A, J). 
This proves Q3.2p and we are done. □ 

As an immediate consequence of Lemmas 13.21 and 13 . 31 we get: 

Corollary 3.4. Let K be a compact space such that, for each n G N and each closed 
set F C K n , there is a decreasing sequence (A p ) pe N of closed separable subsets of K n 
such that F = C\ p eN F p- Then Ba(C* p (A)) = Bo(C* p (A)). 

It turns out that the previous criterion can be applied to 2 Ul , as we next show. 

Lemma 3.5. For each closed set F C 2" 1 there is a decreasing sequence (A p ) pe N 
of closed separable subsets of 2" 1 such that F = HpgN F v 

Proof. By Parovicenko's theorem (cf. [TTJ 3.12.18]), every compact space of weight 
less than or equal to u>\ (like A) is a continuous image of /3N\N. Let q : (3N\N — > 2" 1 
be a continuous mapping with q(/3N \ N) = A. Then q can be extended to a 
continuous mapping g : f3N — > 2" 1 . Indeed, fix a < let 7r Q : 2" 1 {0,1} 
be the a-th coordinate projection and apply Tietze's theorem to find a continuous 
mapping f a : /3N > [0, 1] such that f a \p®\® = n a oq. Since / a _1 ({0}) and /^({l}) 
are disjoint closed subsets of the 0- dimensional compact space /3N, there is a clopen 
set A a C /3N such that f^ 1 ^}) n A a = and / ( J 1 ({1}) C A a . Now, it is easy to 
check that the continuous mapping g : /3N — > 2" 1 defined by 7r Q o g := for all 
a < uji satisfies p|/3N\N = Q- 
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For each p 6 N, the set Z p := /3N \ {1, . . . ,p} is closed and separable, hence 
the same holds for F p := g{Z p ) C 2" 1 . Since (Zp) pg N is a decreasing sequence of 
compact sets and g is continuous, we have 

p| F v = p| 5 (Z p ) = 5 (p Z p ) = ffCSN \ N) = q {pn \N) = F, 

pSN p6N p€N 

and the proof is over. □ 

Finally, we can give an alternative proof of the following: 
Theorem 3.6. Ba(C7 p (2 Ul )) = Bo(C(2 Wl )). 

Proof. As we pointed out in the introduction, for any cardinal k we always have 

Bo(C p (2 K )) = Bo(C(2 re )). 

On the other hand, Ba(C* p (2 Wl )) = Bo(Cp(2 Wl )), by Corollary [3T] and Lemma[33] 
(bear in mind that all finite powers of 2 UJl are homeomorphic to 2 UJl ) . □ 

Remark 3.7. Let us say that K is a Parovicenko cardinal if every compact space of 
weight less than or equal to k is a continuous image of (3N \ N. This is the only 
property of the cardinal wi that we have used in the proofs of Lemma 13.51 and 
Theorem 13.61 so we have indeed shown that: 

Ba(C p (2 K )) = Bo(C(2 K )) whenever k is a Parovicenko cardinal. 
Notice that van Douwen and Przymusiriski [6] proved that, under Martin's axiom, 
all cardinals < c are Parovicenko cardinals. We do not known whether the analogue 
of Lemma 13.51 for 2 K is true if k is a Kunen cardinal. 

Recall that a Banach space X is measure- compact (in its weak topology) if and 
only if, for each probability measure fx on B&(X W ), there is a separable subspace 
X n of X such that /i*(X n ) = 1. Such a property has been considered in connection 
with Pettis integration, see e.g. [TUJ[M|. The following consequence of Thcorcm l3.6l 
was first proved in |23| by a completely different approach. 

Corollary 3.8. C(2 Wl ) is measure- compact. 

Proof. Let fi be a probability measure on B&(C w (2 Ul )) = Bo(C(2 Wl )). Since the 
metric space C(2 bJl ) has density character uj\ (which is not real- valued measurable), 
a classical result due to Marczewski and Sikorski (cf. Theorem III] ) ensures that 
fj, has a separable support. □ 

In Corollary 13.81 one can replace uji by any k which is a Kunen cardinal, since 
in such a case no cardinal ki < n is real- valued measurable, see |17j . However, for 
k > uji the result of [23] is more general: under the absence of weakly inaccessible 
cardinals C(2 K ) is measure-compact for every k. 

Let us also mention another consequence of Theorem l3.61 cf. |22j for some results 
on Borel structures in nonseparable metric spaces. We refer to [5] for the definition 
of cardinal p. 

Corollary 3.9 (p > uii). Bo(C(2 Wl )) is countably generated. 
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Proof. Let A C 2" 1 be a countable dense set and let £ be the cr-algebra on C(2 Ul ) 
generated by {6 a : a £ A}. Clearly, £ is countably generated. It follows from 
p > lji that every x £ 2 Ul is a limit of a converging sequence from A, see e.g. [SJ 
Theorem 6.2]. This implies that 5 X is E-measurable for every x £ 2 U1 , and we get 



An equivalent norm on a Banach space X is Ba(X tu )-measurablc (as a real- 
valued function defined on X) if and only if its balls belong to Ba(X w ). Clearly, 
this implies that all singletons belong to Ba(X„,), which is equivalent to saying 
that the dual X* is u;*-separablc, cf. [16| Theorem 1.5.3]. There are Banach spaces 
with w* -separable dual which admit a non Ba(X u) )-measurable equivalent norm, 
like £°° and the Johnson-Lindenstrauss spaces, see [23]- Obviously, if the equality 
B&(X W ) — Bo(X) holds, then all equivalent norms on X are Ba(X tu )-measurablc. 
The aim of this section is to show that the converse holds for C(2 K ) and ^(k), see 
Corollary 14. 51 

Recall that a function / : Q — > X from a measurable space (f2, S) to a Banach 
space X is called scalarly measurable if the composition x* o / is S-mcasurablc for 
every x* £ X*, i.e. / is E-Ba(X u) )-measurable. We shall also use the following 
notion introduced in j!4) : 

Definition 4.1. Let X be a Banach space. A family {{x a ,x* a ) : a £ 1} C X x X* 
is called a bounded almost biorthogonal system (BABS) of type r\ £ [0, 1) if 

(i) {x a : a £ /} and {x* a : a £ /} are bounded, 

(ii) x* a (x a ) = 1 for every a £ /. 
(hi) |x„(a;^)| < rj whenever a / /3. 

Lemma 4.2. Let X be a Banach space having a BABS {(x a , x* a ) : a £ /} o/ type 
i] £ [0,1). Suppose there is a measurable space (r2,X) and a mapping i : Q, — > I 
such that: 

• the function f : Q X defined by f{9) := 2^(0) is scalarly measurable, 

• there is A <Z L such that i _1 (A) £" S. 

Then there is an equivalent norm on X which is not Ba(A li) ) -measurable. 

Proof. Fix an equivalent norm || • || on X and set C := sup{||x a || : a £ /}. The 
formula 



defines an equivalent norm on X (bear in mind that {x* t : a £ /} is bounded) such 
that ||a; a ||o = 1 for all a £ /. Fix 1 < u < v < ?y _1 (with the convention CP 1 = 00) 
and set b(a) :— u if a £ A, b(a) := v if a £ / \ A. The formula 



S = Ba(C p (2 W1 )) = Bo(C*(2 W1 )), which completes the proof. 



□ 



4. NON WEAK BAIRE MEASURABLE NORMS 




|x| :=max ||a;||o, sup b(a)\x* a (x)\ 

I a£l 



defines another equivalent norm on X . 
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We claim that | - [ is not Ba(X lu )-measurable. To prove this, it suffices to check 
that the real- valued function 8 t— > \f{0)\ is not E-measurable (bear in mind that 
/ is £-Ba(X[„)-measurablc). Fix 8 e il. For each a € I with a ^ i{8) we have 
K (/(<?)) I = KOi(0))l < V and so 

b{a)\x* a (f(0))\<b(a)r]<l = \\f(9)\\ . 
On the other hand, b{i(8))\x* [g] (f{8))\ = b(i(8)) > 1 = ||/(0)||o- It follows that 



\f(9)\=maxi\\f(6)\\ , S upb(a)\x* a (f{0))\ 

I £>£/ 

= b{i{8)) = uli- HA) (e) + vl nv -i {A} (8) 
for all (9 e SI. Since i~ 1 (A) S, the function 8 i-> 1/(0)1 is not E-measurablc. □ 

Lemma 4.3. Let X be a Banach space having a bounded biorthogonal system 
{(x a ,x* a ) : a 6 /}. Let U C I x I be a set such that: 

(a) for every (a, j3) e U, 

(b) (/3,a) £ U whenever (a,/3) £ U. 
Then: 

(i) The family 

(4.1) ( f aj Q + xp, Xa+X ? \ : ( a , p) e u] C X X X* 



is a BABS of type 1/2. 
(ii) The function f : U — >• X given by f(a,/3) := x Q + 3;^ is scalarly measurable 
when U is equipped with the trace ofV(I) <S$T J {I). 

Proof. To prove (i), fix (a,/3) and (a',f3') in U. Then 

d := (x* a + Xp)(x a ' + Xpi) = 6 a ,a< + 5 a ,0< + 8p, a > + <W' 

and therefore: 

• If (a, (3) = (a', /?'), then a ^ 13' and a' ^ f3 (by (a)), hence d = 2. 

• If a = a' and (3 ^ /?', then a f3' and a' ^ /3 (by (a)), hence d = 1. 

• If a ^ a' and /3 = f3' , then a ^ f3' and a' ^ (3 (by (a)), hence d = 1. 

• If a ^ a' and /? 7^ (3', then d g {0, 1}, because in this case we have a ^ f3' 
whenever a 1 = (3 (by (b)). 

It follows that dHJ) is a BABS of type 1/2. 

To prove (ii), fix x* el*. For each r€l, the set 

{(a,/3) S 17 : x*f(a,[3) < r} = {(a,(3) e U : x*{x a ) + x*(xp) <r} = 
= |J {(a,/?) e U : x*{x a ) < p, x*(xp) < q} = 

p,q£® 
p+q<r 



= Un [J {a G L : x*(x a ) < p} x {(3 E I : x*{x fj ) < q} 

p,q&Q 
p+q<r 

belongs to the trace of V{I) ® V{I) on U. So, / is scalarly measurable. □ 
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We arrive at the key result of this section. 

Theorem 4.4. Let X be a Banach space having a biorthogonal system of non 
Kunen cardinality. Then there exists an equivalent norm on X which is not Ba(X 1i) )- 
measurable. 

Proof. Let k be a non Kunen cardinal such that X has a biorthogonal system of 
cardinality k. Suppose first that n > c. Then \X\ > C and so X* is not w*-separable 
(bear in mind that any Banach space having w*-separable dual injects into £°°). 
Thus, in this case all equivalent norms on X arc not Ba(X„,)-measurable. 
Suppose now that n < c. Fix a bounded biorthogonal system 

{(x a ,x* a ) : a e 1} C X x X* 

with \I\ = k (cf. [HI Theorem 4.15]). We can assume that JcR. Then 

U := {{a, (3) e I x I : a > (3} and V := {(a, f3) e I x I : a < [3} 

belong to V(I) ® because they can be written as 

U= [J I n (p, oo) x I n (—oo, q) and V= [J I n (-oo,p) x I n (q, oo). 

Since |J| is not a Kunen cardinal, there is a set B C I x I which does not belong 
to P(I) <£)V(I). As we noticed in the proof of Lemma we have 

B\(UUV) EV{I)®V{I), 

therefore either Bn[/^ V{I) 2> V(I) or B n V & V{I) ® V{I). From now on we 
assume that B P\U $ V(I) <£)V(I) (the other case is analogous). 

Let Ey be the trace c-algebra of V(I) ® 'P(Z) on U. Observe that U satisfies 
conditions (a) and (b) of Lemma [4~3l hence the family 

* + xp, Xa ^ X ^ : ( a ,f3) e C/J C X X X* 

is a BABS of type 1/2 and the function / : J7 — > X given by f(a,f3) := x Q + 
is scalarly measurable with respect to Sj/. Since A := B n U ^ £[/ (bear in mind 
that Yjjj C V(I) ®V(I)), an appeal to Lemma T4.2I ensures the existence of a non 
Ba(A M ,)-measurable equivalent norm on X . The proof is over. □ 

Let k be a cardinal. For each a < k, define (e a ,e*) 6 ^ 1 (k) x £ 1 (k)* by declar- 
ing e a (f3) := 8 a ^ for all (3 < n and e*(/) := /(a) for all / G ^(«). Then 
{(e Q , e* ) : a < k} is a biorthogonal system. Moreover, since ^^^(k) is isomorphic to 
a closed subspace of C(2 K ), the Hahn-Banach theorem ensures that C(2 K ) also has 
a biorthogonal system of cardinality n. From Theorems 12.81 and 14.41 we now get: 

Corollary 4.5. The following statements are equivalent for a cardinal k: 

(i) k is a Kunen cardinal. 

(ii) All equivalent norms on € 1 (k) are Ba(£ 1 (/i) u ,) -measurable. 

(iii) All equivalent norms on C(2 K ) are 3&(C w (2 K ))-measurable. 
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It is clear that an equivalent norm on a Banach space A is Ba(A,„)-measurable 
whenever its closed dual unit ball is u>*-separablc. However, the converse is not 
true in general (for an example with A = £°° , see [24' ) . On the other hand, it was 
shown in [14] that the following properties are equivalent: 

(i) All equivalent norms on X have u>*-separable closed dual unit ball. 

(ii) There is no uncountable BABS on X. 

Moreover, when A is a dual space, (i) and (ii) are equivalent to the separability 
of A, cf. [T51 Corollary 4.34]. Our last result complements such equivalence. 

Proposition 4.6. Let Y be a separable Banach space not containing I . The 
following statements are equivalent: 

(i) Y* is separable. 

(ii) All equivalent norms on Y* are Ba(Y^) -measurable. 

Proof. It only remains to prove (ii)=>(i). Since Y is separable, its dual A := Y* 
is a representable Banach space. Thus, if we assume that A is not separable, then 
there is a bounded biorthogonal system {{x a: x* a ) : a < c} C A x A*, cf. [15l 
Theorem 4.33]. Let D C Y be a countable norm dense set. We claim that 

(4.2) Ba(A MI ) = a(D). 

Indeed, fix y** G A* = Y** . By the Odcll-Rosenthal theorem (cf. Theorem 4.1]) 
there is a sequence (jj n ) n <£N in Y converging to y** in the u>*-topology. Since D is 
norm dense in Y, we can find y' n G D such that ||?M — y' n \\ < 1/n. Then (y' n ) ne jq also 
converges to y** in the w*-topology and so y** is cr(Z?)-measurablc. As y** G A* 
is arbitrary, equality (|4.2[) holds. 

In particular, Ba(A u) ) is countably generated. Thus, |Ba(A l „)| = c < 2 C and 
hence there exists A C c such that {x a : a G A} does not belong to the trace 
of Ba(A ul ) on SI := {x a : a < c}, which we denote by E. Since the "identity" 
function / : — > X satisfies the assumptions of Lemma [4.21 (with respect to E), 
the space A admits a non Ba(A u ,)-measurable equivalent norm. □ 

Remark 4.7. If c is not a Kunen cardinal, then statements (i) and (ii) of Proposi- 
tion [L6] are equivalent for any separable Banach space Y. 

Proof. It only remains to prove that (ii) fails when Y contains I 1 . In this case, ^(c) 
is isomorphic to a closed subspacc Z of Y* (cf. [3 Theorem 4.1]). By Corollary 14. 5 [ 
there is a non Ba(Z u ,)-measurable equivalent norm || • \\z on Z. Since the trace of 
Ba(y^) on Z is exactly 3&(Z W ), we conclude that any equivalent norm on Y* 
extending || ■ \\ z (cf. [4] II.8.1]) cannot be Ba(Y^)-measurable. □ 

However, if c is a Kunen cardinal, then Ba(C[0, l]* w ) — Bo(C[0, 1]*) (see Re- 
mark [532) an d so all equivalent norms on C[0,1]* are Ba(C[0, l]^)-measurable, 
while C[0, 1]* is nonseparable. 
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